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The three-particle quantization condition
is a necessary first step for using LQCD
to investigate...

resonances decaying to three or more hadrons

w(782) — mmm N(1440) — N7

three-body forces

TOT — T NNN — NNN
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The three-particle quantization condition
is a necessary first step for using LQCD
to investigate...

weak decays coupling to three or more hadrons

K — mrm D—nmr D—- KK
(couples to 7T7T7T7T)

Need QCD scatterlng amplltudes to relate
finite-volume lattice matrix elements to
physical decay amplitudes

Lellouch, L. & Liischer, M.
Commun. Math. Phys. 219, 31-44 (2001)
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Outline

Two particle review
Three particle quantization condition
Relation to scattering amplitude

Conclusion
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Particle content

Single scalar, mass M «——— . results for

identical scalars

Relativistic field theory

ZQ symmetry

(For pions in QCD this is G-parity)

Include all vertices

with even number of legs
Max Hansen (UW/FNAL)



Finite volume

S N cubic, spatial volume
I (extent )
N\ eriodic boundar
Iyt -y P > Y pe(@r/D)Z
T / conditions
L
- L time direction infinite and Minkowski}

. _mL T
Take L large enough to |gnoreg_//\ _ dropped
throughout!

Take space to be continuous

lattice spacing set
T to zero

Max Hansen (UW/FNAL)



Two particles in a box

—_—

Calculate C',(F, P) to all orders in perturbation theory and
determine condition of divergence.

Following Kim, Sachrajda and Sharpe. Nucl. Phys. B727,218-243 (2005)
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Two particles in a box 1

OL(Evﬁ) — @6
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Two particles in a box 1
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Two particles in a box
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Two particles in a box
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Two-particle result

At fixed (L, ﬁ), finite-volume spectrum
is all solutions to

Ar,p(E) = det]l — iMoo F'] =0

;

kinematic
(related to Lischer
Zeta functlon)

= - LY |

L——A—fh',.;:—g—_— e —— — — e = - P

Max Hansen (UW/FNAL) 12

diagonal matrix in
angular momentum space



Two-particle result

AL,p(E> — det[l — ZMQ%QZF] =
...1s it useful?

[ 2—>2(E*)] — —FS(En,P, L) {

] ' I |
F(E,P,L)=—
( ( o ) 2 Z / kapr_k(E — WL — Wp_ T+ ZE))

Max Hansen (UW/FNAL) 13



Two-particle result
Note also, equation is real

| zﬁz(E*)]

—

—FS(E P L)

P cot 0% (py) — z%n = —167TE* RGF S iﬁn ?'

This can also be seen by replacmg i- epsﬂon
with principal value everywhere in derivation.

M2_>2 > ]C2_>2 F > Re I

Important for three-particle case
Max Hansen (UW/FNAL) 14




Now, three particles in a box
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Three particles in a box

roo o .
CL(E,P) = / dtz e FT =FP2) 0| To ()07 (0)]0)
X L \ 4
Require 1 < E* < 5m odd-particle quantum numbers

o - B |
| |

- om I

(0
S
Assume no two-particle bound state
Max Hansen (UW/FNAL)
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New skeleton expansion

( G should only contain connected diagrams)

Max Hansen (UW/FNAL)
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New skeleton expans1on

Kernel definitions:
¥ @( . Q i
SN +a@e T

[ 1

O
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New skeleton expans1on

Kernel definitions:
¥ @( . Q i
SN +>@e T

.
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New skeleton expans1on

Kernel definitions:
¥ @( . Q i
SN +>@e T

.
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New skeleton expans1on

Max Hansen (UW/FNAL)
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What is new here?

1. Deqrees of freedom are different

two particles three particles
two-particle angular I+ two-particle angular
momentum momentum

Our result only depends k — ﬁ
on finite-volume K L ™~

integer vector
Max Hansen (UW/FNAL) 22



What is new here?

2. Three particle divergences

Three particle observable ZM 333

contains the diagram

Certain external momenta 1M 33

put this on-shell » has singularities

Max Hansen (UW/FNAL) 23



What is new here?

2. Three particle divergences

Define 1M gf 33 |

= iMss — iMas2SiMas + / iMa12SiMa 12SiMs g+ -

| | | |

I — 7 — @ n
I | | |

‘ s s s 1
only or;_she" infinite series ‘|
amplitudes here built with factors of ST Mo _. o |
- - il

This subtraction emerges naturally in our
finite-volume analysis

Max Hansen (UW/FNAL) 24



What is new here?

3. Must now worry about sum crossing
&wowpar&de umi&arv cusp

two-particle \/
scattering B
(real part) _

) )pends on k
two particle energy

Max Hansen (UW/FNAL)
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What is new here?

3. Musk now WOTTY aboult sum crossing
Ewompar&de umi&arv cusp

To remove cusp -
' o, Pprincipal %
1€ prescription > 7 alue PV

Analytically continue principal value below threshold
then interpolate to prescription-free subthreshold form

Polejaeva, K. and Rusetsky, A. Eur. Phys. J. A48 (2012) 67

Max Hansen (UW/FNAL) 26



What is new here?

3. Must now worry about sum crossing
&wowtpa’r&d@. umi&arv cusp

To remove cusp
: - principal
1€ prescription ~ value PV

R SN T NN SN SN NN SN NN SUNN SN SHNN SN NN S S S,
-2 8 = g

standard definition ——

modification

P

PV

Max Hansen (UW/FNAL)



What is new here?

3. Musk now WOTTY aboult sum Crossing
&wampar&ct@. umi&arv cusp

has no cusp

Max Hansen (UW/FNAL)
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What is new here?

3. Must now worry about sum crossing
two-particle unitary cusp

"N * ]
We relate these infinite-volume quantities
’ to the finite-volume spectrum |

——— = == — g ——————— e ——————— — - i _

Max Hansen (UW/FNAL) 29



Three-particle result

 CL(E,P) = Cxo(E, P) + AliF; A5

iF 1 1 '
s = | . — 1M yd
T WD (3T 1= iMpa e G PR
M K :
() v —= 1
L,2—2 2927 iFiko

Max Hansen (UW/FNAL) 30



-

| -

. OL(E,P) =

Three-partlcle result

sum-integral m —(

dlfferenij

1 F
[ =
s 2wL3

iM\L,Z o = 1Ko s0

1

1

3 1—iMpos iG

N

encodes
switches

sum of all two- particle loops (with summed momenta)

Max Hansen (UW/FNAL)
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Three-particle result

R R 1
C.(E,P)=C.(E,P)+ A.iF _ — A
z( ) ( ) /‘3 1 — Car 33 1F3 ?7\
0
row matrices column

all in ]{, Z, Tl space

= = == e = —— = =

o |1 1 |
F3 = | : — M F
s 2wL3 |3 1 —iMpoyoiG VL2252 ]

1

iMoo = 1Ko 0

Max Hansen (UW/FNAL)



Three-particle result
1

CL(E,P)=C.(E,P)+ ALiF , A
z( ) 7‘( )+ 3( 31—Z/Cdf,3—>3 iF3 %

no poles no poles no poles
_ = = — . . 1 . T ~ =~ ‘\\\
\ CrL(E, P) diverges whenever i F} ; —— diverges
T — 1 —2 ]Cdf ,3—3 1 | 3 S .

o] 1
b3 = | . — 1M F
ST our |3 — 1My o0 1G WYIL2-2
1

iMoo = 1Ko 0

Max Hansen (UW/FNAL) 33



Three-particle result

At fixed (L, P), finite-volume spectrum
is all solutions to

AL 12 (E) — det [1 - =0

/ e p
f/ (\\\1\ = )

.. ]C g depends on kinematics
matrix in . X, .
and two-particle
space .
scattering

Max Hansen (UW/FNAL) 34



Three-particle result

AL,p(E) — det [1 — i]Cdf73_>3iF3] =

...1s 1t useful?

truncate in angular momentum
to reduce to finite matrices ¥

need relation between iM3_,3 and iKg¢ 3,3

need to explore parametrizations of i]Cdf73_>3

Max Hansen (UW/FNAL) 35



Threshold expansion
At weak coupling, perturbatively study
finite-volume shift from threshold

E =3m+ O(l/LS) fmiti-h\:::ume

e — = — — _ = -

We flnd...

127a | a a 1  K4f.3-3 thresh log(mL)
E = 3m+ 1+424+BY |40 33, - C
M | T TP T e T T isma L 2L

A, B,(C5 agree unambiguously with earlier work

Beane, S., Detmold, W. & Savage, M. Phys. Rev. D76 (2007) 074507
Tan S. Phys Rev A78 (2008) 013636

/Cdf 3—+3 thresh
C

48 m>3
Max Hansen (UW/FNAL) 36
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Relating i/Cdf,3_>3 to Z'./\/l34>3

First we modify C (E, P)to define iM [ 3 .3

Max Hansen (UW/FNAL) 37



Relating i/Cdf,3_>3 to i./\/lg_>3

llllll

________________________

________________________

First we modify C (F, 15) to define : M 3,3
1. Amputate interpolating fields

Max Hansen (UW/FNAL) 38



Relating i/Cdf,3_>3 to iM3_>3
® -

+ L + o 0 g + 3‘%

First we modify C,(F, 15) to define : M 3,3

2. 'Drcwp disconnected diagrams

Max Hansen (UW/FNAL)
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Relating i/Cdf,3_>3 to i./\/lg_>3

________________________

_________________________

First we modify C,(F, 15) to define : M 3,3
3. Sjmme&riz@.

Max Hansen (UW/FNAL) 40



Relating i/Cdf,3_>3 to Z'./\/l34>3

________________________

________________________

Replacing all loop momentum sums with
i-epsilon prescription integrals would give
physical three-to-three scattering amplitude

Max Hansen (UW/FNAL) 41



Relating 1Kqf 353 to t M35
We find a simple form for i M, 3_,3

B . .
M =1D +S | L 1K Rl
[tMp 353 =101 + L YAdf 33 L= iFy iKar s L

— N _ - - p— - — — — — -~ S p— —

: _
Dr =8 M G 1M 2wl
iDr, T My 200 iC IMp a2 1G IM 2 50]2w ]_
Fo[1 1 |
Fy = | . — 1M F
T LB 3 1 —iMpoyotG VL2 b ]
1 F 1 F
L1 =R
2wL3 L= L3

Max Hansen (UW/FNAL) 42



Relating 1Kqf 353 to t M35
We find a simple form for i M, 3_,3

1 — e — —— ri
1 I

. : .
M =D S| Ly 1/C R
| 1M 353 =101 + _ L UAdf 33 L= iFy iKur s s L

e e e e e—— e e ———— e e e e — e — —————— S — —_— —— — P— — — _ _

Complete analysis with infinite volume limit

1 Sa—— e ——EES—— — __ - —_——— e e —— :—ll
| ‘

e e e— e —— . — el — = ————

Max Hansen (UW/FNAL) 43



S -

B . .
=D S |Lr 1)C R
| M 33 =1Dp + L tKat 337 iFs Koo L

—— = — — - -~ — _

—_— e e — — ———— e _— p— __ — _ _ _

Recall Z../\/ldf,g_g,

Mz — [iMosSiMays + / iMoo SiMs o SiMy s + -
Q0 @ —

|
|
- | - |
|
|

S S S

—_——————— i ey = — = SN

It reappears here... iMg 3.3 = Llim iMp 33 — 1Dy
— OO

1€

. 1 . .
Dy =S : — 1Moo 1G ZML,2_>2[2(,UL3]
1 —iMp oo iG N
encodes switches
Max Hansen (UW/FNAL) 44




Relating i]Cdf,3_>3 to i./\/lg_>3

— - — R —

| 1
1M — D S |Lr 1)C
| 1M 353 =101 + L tAdf 33 1= iFy iKar s

Gives integral equation relating gt 3.3 to iM3_,3
Completes formal story (for the setup considered!)

Relation only depends on on-shell scattering quantities

Max Hansen (UW/FNAL) 45




Summary

Presented work relating
finite-volume spectrum and three-to-three scattering.

---------------------
-

-

-

Necessary first step for extracting any decay or scattering

amplitude with more than two hadrons from Lattice QCD.

Max Hansen (UW /FNAL)
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Future work and Applications

Generalize Lellouch-Liischer method, to extract
three-particle weak decays
K — mnm

Include non-identical, non-degenerate and spin-half particles

Extend mapping to four-particle states

---------------
_---'- .
-
-
-

;| NP .;>\/‘;: ._,//”

Max Hansen (UW/FNAL) 47



[sotropic approximation

Following two particle case, suppose K4f 3_,3
can be approximated to be isotropic (only depends on ™)

Fo[1 1
iFy = — : iMoo iF

QWLS 3 1 — Z.ML,Q_>2 G

Max Hansen (UW/FNAL) 48



Three-part1cle result

At fixed (L, P) the f‘mte volume spectrum E;, Es, - - - is the
set of solutions to 1

AL,p(E) — det[l — Z.Izdfjg_)gl.Fg] =0 |

| o | where | J
) 1h3 = wl? | (2/3)iF sy - iFs] L — [1 i i G LikCo s |
1 U g = 5’%’?’% % %: PV | 2w, 2wp__ az(%(a— )cf/i an)a — WP_k—a)
| s a

I

Qﬁm( ) E\/Eyfm( )(k*/q ) ]l
| |

with w; = 2+ m?and ¢ = (1/4)[E° — ]32] — m?

E = ——— - —_— s —_— = = ———————

Max Hansen (UW / FNAL) 49



Additional Material Concerning
Differences Between Two- and Three-
Particle Quantization

Max Hansen (UW/FNAL)
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New skeleton expans1on

Here | will only give first parts of derivation.

This is to illustrate certain points, needed to understand the final result.

Max Hansen (UW/FNAL)
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First Part: Sum “no-switch” diagrams

call the bottom momentum k ;
important finite-volume corrections only arise from k= = wy,

Max Hansen (UW/FNAL) 52



First Part: Sum “no-switch” diagrams

"-" erm and regroup by F-cuts

i) =& Z{CEO+CESO}

Next substitute

Max Hansen (UW/FNAL) 53



First Part: Sum “no-switch” diagrams

call the bottom momentum & ;
important finite-volume corrections only arise from k= = wy,

Max Hansen (UW/FNAL) 54



Main Lesson Number 1: Cusp effects

SN H R = [ 1) + o(e )
k

has a unitary cusp at threshold
(E — wi)? — (P — k)% = 4m?

—_— — e _ / _ | e
To remove cusp _ —
: e, Pprincipal
1€ prescription ~ ~ value PV

(analytically continue below threshold, then interpolate to standard subthreshold form)
Polejaeva, K. and Rusetsky, A. Eur. Phys. J. A48 (2012) 67

Max Hansen (UW/FNAL) 55
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Cg) _ % Z {(H)} But iWe change pole prescription, then we
k

can make the replacement

I

; All three-particle poles now have 1;
principal- value prescrlptlon H

l_-_“.__—: —_— = — = = — Puny ——— — e —

Max Hansen (UW/FNAL) 57



Deduce |
1 Fsx 1

(1) _ ~(1) e
CL Ooo ‘|‘(H> ["4] — 2WL31—|—/€2_>2F};/

I
think of this as a new cut,

like F it puts neighbors on-shell

Max Hansen (UW/FNAL)
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Deduce |
s 1

(1) _ A1) | _ Wrp
" P

think of this as a new cut,
like F it puts neighbors on-shell

Main Lesson Number 2: Mabrix structure
Finite volume residue terms (such as%) are of the form:

(row vector)x(matrix)x(column vector), acting on product space

[finite-volume momentum]x[angular momentum]

For example, [./4] is built from

— —

Ff)\\//;k’,é’,m’;k,ﬁ,m = 5k’,k FP/)\\//;E’,m’;E,m<E — Wk, P — k) k=Fk ¢ (27T/L)Z3

—

IC2—>2;k’,€’,m’;k,€,m — 5k’,k IC2—>2;€’,m’§€>m(E — Wk, P — k)

Max Hansen (UW/FNAL) 59



Deduce |
s 1

(1) _ A1) ' _ “p
C; COQ‘FCEJ%:) [A}_QWLgl—I—/%g o
\ <7 PV

think of this as a new cut,
like F it puts neighbors on-shell

Main Lesson Number 2: Mabrix structure
Finite volume residue terms (such as%) are of the form:

(row vector)x(matrix)x(column vector), acting on product space

[finite-volume momentum]x[angular momentum]

—

Observe that k , £, m parametrizes three particles with fixed (F, P)

o o o

/)(E—wk,P—k) ° \A*Hg
~0 5____’ a , 11

\. ~ BOOST /

(wkvk) ®

Max Hansen (UW/FNAL) 60




Second part: Sum “one-switch” diagrams

In this case we have two “spectator-momenta”
(momenta that do not appear in two-particle loops)

|
¥ N
stands for terms that
modify endcaps of CS)

CY) = 0P

0

Between A factors we have first contribution to three-to-three scattering

~

. 7~(2,unsym) _
ZIC3—>3;k’,€’,m’;k:,£,m —

Max Hansen (UW/FNAL) 61



Main Lesson Number 3: On-shell divergences

Certain external moment put the intermediate propagator on-shell

. 7~(2,unsym) € m @
ZIC e Ll P/ /. —
3—3:k" ' m/ k. Lm

_This implies that this diagram, and indeed also the full
1KCa_5  has physical singularities above threshold

nothing to do with bound states

This is a problem because K-matrix is symmetric in external momenta

g -

Z’C Lol Pl g ! - D
3—3:k’ 0. m’;k.f{m 0. m _U_

But this would demand decomposing a singular function in Yg,m
The decomposition is not valid!

Max Hansen (UW/FNAL)



Resolution: Introduce
.~(2,unsym) __ .7~(2,unsym) . .1
Z,Cdf,3—>3 — Z/C3_>3 — Z/CQ_QSZ/CQ_Q

BN

‘on-shell
€«

represents simple
kinematic pole factor

i/Cdf 3_ g is finite:
. . % . .
Can decompose in harmonics and truncate expansion at low energies

The approach of separating out singularities like this was first suggested
over 40 years ago (Rubin et al. PR 146-6 (1966))

It makes sense to recover singularity-free quantity from finite-
volume spectrum.
Then add singular terms back in.

Max Hansen (UW/FNAL) 63



This pattern of separating out singularities persists to all orders

Define ] _
K = iy — |iKo0SiKs o+ / K0 Siky 0 Siky s + -

i -

only on-shell S S ,
amplitudes here infinite series built
with factors of 57/ o .5

Definition arises from analyzing all two-to-two diagrams

- = — _ — — - — —_ == = —— =S —— _

. Z]Cdf,3—>3;k’,€’,m’;k,€,m
| is the natural observable to extract from }’
L the finite-volume spectrum |

_— = —_— — — — = =  — _

Max Hansen (UW/FNAL) 64



Keview lLessons

|. Need modified principal value to remove cusp effects

2. In the three particle case, all matrices act on product space
[finite-volume momentum]x[angular momentum]

In other words, they have indices k., £, m

®
needed to describe 4.) (B =B ’. R&* — £, m
\ BOOST

three particles

(wk, ];

/7‘

3. Singularities in Z/C3_>3 invalidate decomposmon in Yy

Resolution is to introduce Z]Cdf 3,9

O g —

Z.ICS—>3_ D

KCar 33

@

S

S 'S

This object arises naturally in finite-volume analysis.

Max Hansen (UW/FNAL)




Intro- and Two-Particle Material

Max Hansen (UW/FNAL)
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What can we extract from LQCD?

We are trying to evaluate a difficult integral numerically

<T¢1"'¢n>:/D¢€iS¢l"'¢n



What can we extract from LQCD?

We are trying to evaluate a difficult integral numerically

N
(Tér - bn)Ene. tate, tv = / [Ldoie 5616,

To do so we have to make three compromises

O O O O O
1< nonzero lattice spacing

O O O O O

O oTo O O

finite volume




What can we extract from LQCD?

Not possible to directly calculate

(| ) (mrm|mm)
(Knr|J|B)

(mm|H|K) (m| T |m) (Kr|J|B)




What can we extract from LQCD?

Not possible to directly calculate

(7 7T7T> (mrm|mm)

‘ j (K| J|B)
M\H\K , @zlj\w w (Kr|J|B)

——— multi- partlcle in- and outstates—




What can we extract from LQCD?

Not possible to directly calculate

(7 7T7T> (mrm|mm)

‘ j (K| J|B)
M\H\K , @zlj\w w (Kr|J|B)

muIt| partlcle in- and outstates—-—*”’:ﬂ

1 Amputate and put on- sheII
T ORGDRE) @B

M~
g

Amputate and put on-shell ‘
TR = olr ()7 () H(z) K (P)|0) 1

= i

| Requwes Mlnkowskl momenta and |nf|n|te-volume |

R R e N—



In 1991 M. Lischer found a method to circumvent this issue
and extract mm — 77 scattering from LQCD.

Lischer, M. Nucl. Phys B354, 531-578 (1991)

His key insight was to use finite-volume as a tool.

He gave a mapping between finite-volume spectrum and
elastic pion scattering amplitude.

-------------------
-
-
-
-
-
-

Max Hansen (UW/FNAL)
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Luscher’s method has led to a large body of work extracting
phase shifts from Lattice QCD.

180

w2 ok S = B -2
k 160 P o+
k 140 -
o Breit — Wigner
~ 1201 : .
= mpr = 863.5(19)(6) MeV
& 100f g g = 4.83(13)(2)
‘_“ﬁ | 9° p3 o i
k %‘L? 301 0y | Ty = (ft,il—: — 10.1(6)(1) MeV
k 60} ( a [, =29fm |
40 o L =24fm
o O
20L | P resonalnce | °L=1.9im |
0

800 850 900 950 1000 1050  E., /MeV

my; = 391 MeV

from Dudek, Edwards, Thomas in Phys.Rev. D87 (2013) 034505

Max Hansen (UW/FNAL)



However, there is no general method for extracting
scattering amplitudes involving more than two hadrons.

As a result LQCD cannot investigate...

Max Hansen (UW/FNAL)
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However, there is no general method for extracting
scattering amplitudes involving more than two hadrons.

As a result LQCD cannot investigate...

resonances which decay into more than two hadrons

w(782) — mmm N(1440) — N7

frces

TT — T NNN — NNN

Max Hansen (UW/FNAL)



However, there is no general method for extracting
scattering amplitudes involving more than two hadrons.

As a result LQCD cannot investigate...

weak decays coupled to channels containing more
than two hadrons

K — o D—7mr D— KK
(couples to 7T 7T 7T 70)

Need strong scattering to relate lattice weak
matrix elements to physical decay amplitudes

Lellouch, L. & Liischer, M.
Commun. Math. Phys. 219, 31-44 (2001)

Max Hansen (UW/FNAL) 76



In recent years important progress has been made towards
extracting three-particle scattering.

Polejaeva, K. and Rusetsky, A. Eur. Phys. J. A48 (2012) 67
Briceno, R. A. and Davoudi, Z. Phys. Rev. D87 (2013) 094507

However a relativistic, model-independent method is still
unknown.

This is the focus of today’s talk.

--------------------
-
-
-
-
-

L ) S~—— " T — T
L
Max Hansen (UW/FNAL)
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Outline

Detailed set-up
Two particles in a box
Three particles in a box

Conclusion

Max Hansen (UW/FNAL)
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Particle content

Single scalar,massm «_

all results for
identical scalars

Relativistic field theory

ZQ symmetry

(For pions in QCD this is G-parity)

Include all vertices

with even number of legs
Max Hansen (UW/FNAL)
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Finite volume

S N cubic, spatial volume
I (extent )
N\ eriodic boundar
Iyt -y P > Y pe(@r/D)Z
T / conditions
L
- L time direction infinite and Minkowski}

. _mL T
Take L large enough to |gnoreg_//\ _ dropped
throughout!

Take space to be continuous

lattice spacing set
T to zero

Max Hansen (UW/FNAL) 80



Finite volume Infinite volume

------------------------
-
-
-
-
-

5 L ’ ° 0—.\/

----------------------

L

, N |
| & A |
| E5(L) Determine mapping Z./\/l ‘;
‘ Er(L) between theories n—m ‘
|

Fo(L) J(
N

Discrete energy Scattering t

’ spectrum amplitudes /
L ——————————————

Max Hansen (UW/FNAL) 81



Determine relation using finite-volume correlator

r 3 L X
CL(E,P) = / dtz BT =P2) (0| To(2)aT(0)]0)
. - A

Max Hansen (UW/FNAL) 82



Determine relation using finite-volume correlator

r 3 L X
CL(E,P) = / dtz BT =P2) (0| To(2)aT(0)]0)

. L AN y

energy FJ, momentum P = (27 /L)ii interpolating field
CM energy E’*2 — E2 — ﬁQ
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Determine relation using finite-volume correlator

r 3 L X
CL(E,P) = / dtz BT =P2) (0| To(2)aT(0)]0)

. L N 4

energy [, momentum P = (27 /L)7ip interpolating field
CM energy E’*2 — E2 — ﬁQ

At fixed [, [_5, poles in ('; give finite-volume spectrum

| We calculate CL(E P) to all orders in perturbatlon theory l
| and determlne condltlon of dlvergence t

Max Hansen (UW/FNAL) 84



First two particles in a box

‘
(JL E, P) e (E2"=P-%) (0T (2) 0T (0)]0)

/ N

Require /* < 4m  even-particle quantum numbers

Derivation from Kim, Sachrajda and Sharpe. Nucl. Phys. B727,218-243
Max Hansen (UW /FNAL) (2005) 85



fully dressed infinite set of terms

propagators no assumed suppression

spatial loop momenta _— E
are summed
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fully dressed infinite set of terms

propagators no assumed suppression

spatial loop momenta _— E
are summed

Key observation:
If particles in summed loops cannot all go on shell, then replace

d3k difference is order |
LS Z — e_mL |

Max Hansen (UW/FNAL) 87



Since £ < 4m , only two particles with
total momentum (£, P) can go on-shell

Max Hansen (UW/FNAL)
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these loops are now

~ integrated

Max Hansen (UW/FNAL)
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Cu(E, P) = PO e

infinite-volume
) Bethe-Salpeter kernel

} ' ' '
e o o
' |
' ' ' ' ' |
L -~ p— )__:7 e — p— — - ) — S— — B S ——— | e —— e —_— e . » D S 4'

Max Hansen (UW/FNAL) 90



+ @u@u@u@ +

L _ I il
Next we mtroduce an important |dent|ty

0‘0 GMOLGE=0

_L3 / contams aII
7 k power-law
corrections
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+ @u@u@u@ +

A I B R

Next we mtroduce an important |dent|t
off-shell - on-shell

\@/ \@

1 | WO — /
ﬁ E : contains aII
k

k power-law
corrections
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Now regroup by number of F cuts
CL(E, P) _ C (E P) «— Zero F cuts /onchut

@R ORI

N

\these infinite-volume//v

quantity do not
Max Hansen (UW /FNAL) appear in final result 94




two I cuts @ As Promised!
infinite-volume on-shell two-to-two

Max Hansen (UW/FNAL) scattering amplitude

95



CL(E,P) = Cu (E P)

++

CL(E,P) = C(E, P) —I—ZA/ZF ZMQ%ZF] A

Max Hansen (UW/FNAL)
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1

— D) 1 A F A
Cy(E, P) Cé}(E P)+ ,\z TV T

no poles

no poles no poles

diverges
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Two-particle review

1
CL(E,P) = @@ @@@ - o

Max Hansen (UW/FNAL)
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Two-particle review

Max Hansen (UW/FNAL)
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Two-particle review 1
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Two-particle review 1
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Two-particle result

At fixed (L, ﬁ), finite-volume spectrum
is all solutions to

Ar,p(E) = det]l — iMoo F'] =0

;

kinematic
(related to Lischer
Zeta functlon)

= - LY |

L——A—fh',.;:—g—_— e —— — — e = - P

Max Hansen (UW/FNAL) 102

diagonal matrix in
angular momentum space



Two-particle result

AL,p(E> — det[l — ZMQ%QZF] =
...1s it useful?

| 2—>2(E*)] — —FS(En,P, L) {

] ' I |
F(E,P,L)=—
( ( o ) 2 Z / kapr_k(E — WL — Wp_ T+ ZE))

Max Hansen (UW/FNAL) 103



Two-particle result
Note also, equation is real

| zﬁz(E*)]

—

—FS(E P L)

P cot 0% (py) — z%n = —167TE* RGF S iﬁn ?'

This can also be seen by replacmg i- epsﬂon
with principal value everywhere in derivation.

M2_>2 > ]C2_>2 F > Re I

Important for three-particle case
Max Hansen (UW/FNAL) 104




- — = . e S——

‘t pn COt 5(pn) — —167TE*ReF

e e ——

167TE
~ pcotd(p) —ip

0 |degrees]
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~ Pn Cot 5(pn) = —IGWE*ReF -
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‘t pn COt 5(pn) — —167TE*ReF
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— _ —n

| pnC0t5J:1(pn) — —167TE*R Fl() 10(En,P L) “

e e e ————— —

180 e e
k 160} -
k 140}
° Breit — Wigner
~ 120} - —
i mpr = 863.5(19)(6) MeV
= 100} g = 4.83(13)(2)
k ;'Ql 80 Tr = Z—”:I—’; = 10.1(6)(1) MeV
k 001 AL —29fm |
401 o =24fm
o O o
20 ¢ P resomnarmnce | °L=19fm |
0

800 850 900 950 1000 1050 F,, /MeV

my; = 391 MeV

from Dudek, Edwards, Thomas in Phys.Rev. D87 (2013) 034505



Scattering of multiple two-particle channels
mm— KK 7K — nK

————
D,

Make following replacements

(E) Gy W]




Scattering of multiple two-particle channels
mm— KK 7K — nK

One finds

det |1 — iIMi1 aMise (k1 0 _ 0
iIMos1 1Moo 0 ks

M. Lage, U.-G. Meillner, and A. Rusetsky, Phys.Lett., B681, 439 (2009)

V. Bernard, M. Lage, U.-G. MeiBner, and A. Rusetsky, JHEP, 1101, 019 (2011)
M. Doring, U.-G. Meiliner, E. Oset, and A. Rusetsky, Eur.Phys.J., A47, 139 (2011)
MTH, S. R. Sharpe, Phys.Rev. D86 (2012) 016007
R. A. Briceno, Z. Davoudi, Phys.Rev. D88 (2013) 094507



Already implemented in LQCD calculation
TK — nkK

+ +
180 (a) O 7TK 180 (C) 2
K
150 150 |-
120 120
o) 0 90 | 90 |
02
60 |- 60 |-
30 | 30
0 ~ Q\ 0 O -O O— K
-30 + T]K -30 |
] ] ] I cm ] ] ] ] Ecm
1000 1200 1400 1600 ; 1000 1200 1400 1600
33 o o © o o o o @O 00 © 0000 . . . 243 /Me-\/ ° © o . Ce% © ©° o ° 243 /Mev
.Om? o oo ° (] 008 o ® o o ° ° 203 ° o o Y o 00 © 203
. e . e 163 ° 163
1000 1200 1400 1600 1000 1200 1400 1600
10 ] 7 I —_—1 1 10 ] O ] ] o~ |
09 | 09 |
M s

0 ‘ 77 0.8
0.7 - XQ/NdOf = 0.88 !‘ : J 0.7 XQ/Ndof = 1.31

M(?TK%?]K)N\/l—?]Z

from Dudek, Edwards, Thomas, Wilson in arXiv:1406:4158




